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Abstract
We obtain the Seiberg-Witten geometry for four-dimensional N = 2 gauge theory with
gauge group SO(2Nc) (Nc ≤ 5) with massive spinor and vector hypermultiplets by con-
sidering the gauge symmetry breaking in the N = 2 E6 theory with massive fundamental
hypermultiplets. In a similar way the Seiberg-Witten geometry is determined for N = 2
SU(Nc) (Nc ≤ 6) gauge theory with massive antisymmetric and fundamental hypermulti-
plets. Whenever possible we compare our results expressed in the form of ALE fibrations
with those obtained by geometric engineering and brane dynamics, and find a remarkable
agreement. We also show that these results are reproduced by using N = 1 confining
phase superpotentials.
1 Introduction
In the seminal paper by Seiberg and Witten (SW), it was discovered that the low-energy
behavior of N = 2 SU(2) supersymmetric gauge theory in four dimensions is described in
terms of the geometry associated with the Riemann surface [1]. Extensions of their work
to the case of other gauge groups were carried out by several groups [2]-[10]. At first sight
it was unclear if the Riemann surface in the exact description is an auxiliary object for
mathematical setup or a real physical object. It turns out that four-dimensional N = 2
gauge theory on R4 is realized by an M-theory fivebrane on R4×Σ embedded in R10×S1,
where Σ is the SW Riemann surface [11, 12].
Gauge theories associated with the configuration R4 × Σ can be analyzed by the
brane dynamics [13]. So far N = 2 gauge theories with classical gauge groups containing
flavor matters in the fundamental representation have been understood successfully in
this framework [14]. Toward further developments it is highly desirable to be able to
describe matter contents in various representations as well as exceptional gauge symmetry.
However, it is still difficult to explain the exceptional gauge symmetry along the lines of
[12]. Concerning the matter representations other than the fundamentals, our analysis
has so far been restricted to the case of N = 2 SU(Nc) gauge theory with matters in the
symmetric or antisymmetric representations [15, 16]. The difficulty lies not only due to
the lack of precise knowledge of the brane dynamics, but also due to the lack of the field
theory answer.
Our purpose in this paper is to present some field theory answer to the above issue.
Staring with the N = 2 SW geometry with E6 gauge group with massive fundamental
matters, which we proposed in the previous communication [17], we construct the SW
geometry with SU(Nc) and SO(Nc) gauge groups with various matter contents. All these
geometries we will obtain take the form of a fibration of the ALE spaces over a sphere.
This paper is organized as follows. In sect.2, we explain in detail how to implement
the gauge symmetry breaking in the SW geometry by giving appropriate VEV to the
adjoint scalar field in the N = 2 vector multiplet.
In sect.3, breaking the E6 symmetry down to SO(2Nc) (Nc ≤ 10), we derive the SW
geometry for N = 2 SO(2Nc) theory with massive spinor and vector hypermultiplets. In
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the massless limit, our SO(10) result is in complete agreement with the one obtained by
the method of geometric engineering [18]. For SO(8) it is amusing that the SW geometry
with massive spinor and vector matters is symmetric under a part of the SO(8) triality
which exchanges the vector and spinor representations.
In sect.4, the breaking of E6 to SU(Nc) (Nc ≤ 6) is considered. The SW geometry
we will find naturally takes the form of the ALE space description. On the other hand,
the brane dynamics relevant for N = 2 SU(Nc) theory with antisymmetric matters yields
the SW geometry which seems apparently distinct from our expression [15, 16]. We will
show, however, that the singularity structure exhibited by the complex curve in [15, 16]
is also realized in our ALE space description.
In sect.5, it is shown that the results obtained in the previous sections can be rederived
by the use of the method of N = 1 confining phase superpotentials.
Finally in sect.6, we draw our conclusions.
2 Gauge symmetry breaking in Seiberg-Witten ge-
ometry
Let us consider four-dimensional N = 2 supersymmetric gauge theory with gauge group
G and Nf flavors of N = 2 hypermultiplets which consist of N = 1 chiral multiplets
Qi, Q˜j (1 ≤ i, j ≤ Nf). The N = 2 vector multiplet contains an N = 1 adjoint chiral
multiplet Φ. Let Q belong to an irreducible representation R of the gauge group G with
dimension dR and Q˜ to the conjugate representation of R. The tree-level superpotential
of this theory is determined by the N = 2 supersymmetry
W =
√
2
Nf∑
i=1
Q˜iΦRQ
i +
√
2
Nf∑
i=1
mi Q˜iQ
i, (1)
where ΦR is a dR × dR matrix representation of Φ in R and mi is a mass of the i-th
hypermultiplet.
It is convenient for subsequent considerations to fix our notation for the root system.
The simple roots of G are denoted as αi where 1 ≤ i ≤ r with r being the rank of
G. Any root is decomposed as α =
∑r
i=1 a
iαi. The component indices are lowered by
ai =
∑r
j=1Aija
j where Aij is the Cartan matrix. The inner product of two roots α, β is
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then defined by
α · β =
r∑
i=1
aibi =
r∑
i,j=1
aiAijb
j , (2)
where β =
∑r
i=1 b
iαi.
Classically the VEV of the adjoint Higgs Φ is chosen to take the values in the Cartan
subalgebra. The classical moduli space is then parametrized by a Higgs VEV vector
a =
∑r
i=1 a
iαi. At the generic points in the classical moduli space, the gauge group G is
completely broken to U(1)r. However there are singular points where G is broken only
partially to
∏
iG
′
i × U(1)l with G′i being a simple subgroup of G. If we fix the gauge
symmetry breaking scale to be large, the theory becomes N = 2 supersymmetric gauge
theory with the gauge group
∏
iG
′
i × U(1)l and the initial SW geometry reduces to the
one describing the gauge group G′i after taking an appropriate scaling limit.
We begin with the case of N = 2 supersymmetric SU(r + 1) gauge theory with
fundamental flavors. The SW curve for this theory is given by [2, 6]
y2 = detr+1 (x− ΦR)2 − Λ2(r+1)−Nf
Nf∏
i=1
(mi − x). (3)
Choosing the classical value 〈ΦR〉cl as
〈ΦR〉cl = diag
(
〈a1〉, 〈a2〉 − 〈a1〉, 〈a3〉 − 〈a2〉, · · · , 〈ar〉 − 〈ar−1〉,−〈ar〉
)
= diag(M,M,M, · · · ,M,−rM), (4)
where M is a constant, we break the gauge group SU(r+1) down to SU(r)×U(1). Note
that this parametrization is equivalent to 〈aj〉 = jM which means 〈aj〉 = δj,r(r + 1)M .
Setting ai = δj,r(r+1)M + δai and mi =M +m
′
i, we take the scaling limit M →∞ with
Λ′2r−Nf = Λ
2(r+1)−Nf
(r+1)M2
held fixed. Then we are left with the SW curve corresponding to the
gauge group SU(r)
(y′)2 =
{(
x′ − δa1
) (
x′ − (δa2 − δa1)
)
· · ·
(
x′ − (−δar−1)
)}2 − Λ′2r−Nf Nf∏
i=1
(m′i − x′), (5)
where y′ = y√
r+1M
and x′ = x −M . Notice that we must shift the masses mi to obtain
the finite masses of hypermultiplets in the SU(r) theory with Nf flavors.
Now we consider the case of N = 2 theory with a simple gauge group G. When we
assume the nonzero VEV of the adjoint scalar, the largest non-Abelian gauge symmetry
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which is left unbroken has rank r− 1. As we will see shortly, this largest unbroken gauge
symmetry is realized by choosing
〈ai〉 =M δi,i0 , 1 ≤ i ≤ r, (6)
whereM is an arbitrary constant and i0 is some fixed value. Under this symmetry breaking
(6), a gauge boson which corresponds to a generator Eb, where the subscript b =
∑
i b
iαi
indicates a corresponding root, has a mass proportional to 〈a〉 · b = M bi0 . This is seen
from [〈a〉·H,Eb] = (〈a〉·b)Eb where Hi are the generators of the Cartan subalgebra. Thus
the massless gauge bosons correspond to the roots which satisfy bi0 = 0 and the unbroken
gauge group becomes G′i×U(1) where the Dynkin diagram of G′ is obtained by removing
a node corresponding to the i0-th simple root in the Dynkin diagram of G. The Cartan
subalgebra of G is decomposed into the Cartan subalgebra of G′ and the additional U(1)
factor. The former is generated by Eαk ∈ G obeying [Eαk , Eα−k ] ≃ αk · H with k 6= i0,
while the latter is generated by αi0 ·H . Therefore, we set
ai =
(
A−1
)i i0
M + δai, (7)
where scalars corresponding to G′ have been denoted as δa with δai0 = 0. Note that the
U(1) sector decouples completely from the G′ sector and the Weyl group of G′ naturally
acts on δa out of which the Casimirs of G′ are constructed.
When the gauge symmetry is broken as above, we have to decompose the matter
representation R of G in terms of the subgroup G′ as well. We have
R =
nR⊕
s=1
Rs, (8)
where Rs stands for an irreducible representation of G′. Accordingly Qi is decomposed
into Qis (1 ≤ i ≤ Nf , 1 ≤ s ≤ nR) in a G′ representation Rs. Q˜i is decomposed in a
similar manner. After the massive components in Φ are integrated out, the low-energy
theory becomes N = 2 G′ × U(1) gauge theory. The U(1) sector decouples from the G′
sector and we consider the G′ sector only. The semiclassical superpotential for this theory
can be read off from (1). We have
W =
Nf∑
i=1
(√
2
nR∑
s=1
(〈a〉 · λRs +mi) Q˜isQis +
√
2
nR∑
s=1
Q˜isΦRs Q
i
s
)
, (9)
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where λRs is a weight of R which branches to the weights in Rs. This implies that we
should shift the mass mi as
mi = −〈a〉 · λRsi +m′i = −M
(
λRsi
)i0
+m′i (10)
to obtain the G′ theory with appropriate matter hypermultiplets. Note that we can
choose Rsi for each hypermultiplet separately. This enables us to obtain the Nf matters
in different representations of G′ from the Nf matters in a single representation of G.
In the limit M → ∞, some hypermultiplets have infinite masses and decouple from the
theory. Then the superpotential (9) becomes
W =
√
2
Nf∑
i=1
m′i Q˜i siQ
i
si
+
√
2
Nf∑
i=1
Q˜i siΦRsi Q
i
si
, (11)
and the resulting theory becomes N = 2 theory with gauge group G′ with hypermultiplets
belonging to the representation Rsi . Note that 〈a〉 · λRs is proportional to its additional
U(1) charge.
In the known cases, the low-energy effective theory in the Coulomb phase is described
by the Seiberg-Witten geometry which is described by a three-dimensional complex man-
ifold in the form of the ALE space of ADE type fibered over CP1
z +
1
z
Λ2h−l(R)Nf
Nf∏
i=1
XRG (x1, x2, x3; a,mi)−WG(x1, x2, x3; a) = 0, (12)
where z parametrizes CP1, h is the dual Coxeter number of G and l(R) is the index of the
representation R of the matter. Here WG(x1, x2, x3; a) = 0 is a simple singularity of type
G and XRG (x1, x2, x3; a,mi) is some polynomial of the indicated variables. Note that the
simple singularity WG depends only on the gauge group G, but the X
R
G (x1, x2, x3; a,mi)
depends on the matter content of the theory.
Starting with (12) let us consider the symmetry breaking in the SW geometry. In
the limit M → ∞, the gauge symmetry G is reduced to the smaller one G′. The SW
geometry is also reduced to the one with gauge symmetry G′ in this limit. We can see
this by substituting a = 〈a〉+ δa into (12) and keeping the leading order in M . To leave
the j-th flavor of hypermultiplets in the G′ theory, its mass mj is also shifted as in (10).
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After taking the appropriate coordinate (x′1, x
′
2, x
′
3) we should have
WG(x1, x2, x3; a) = M
h−h′WG′(x
′
1, x
′
2, x
′
3; δa) + o(M
h−h′),
XRG (x1, x2, x3; a,mj) = M
l(R)−l(Rsj )X
Rsj
G′ (x
′
1, x
′
2, x
′
3; δa,m
′
j) + o(M
l(R)−l(Rsj )),
(13)
where WG′ is a simple singularity of type G
′, X
Rsj
G′ is some polynomial of the indicated
variables, h′ is the dual Coxeter number of G′ and l(Rsj ) is the index of the representation
Rsj of G′. The dependence on M can be understood from the scale matching relation
between theories with gauge group G and G′
Λ′ 2h
′−
∑Nf
j=1 l(Rsj ) =
Λ2h−l(R)Nf
M
2(h−h′)−(l(R)Nf−
∑
j
l(Rsj ))
, (14)
where Λ′ is the scale of the G′ theory. Thus, in the limit M → ∞, the SW geometry
becomes
z′ +
1
z′
Λ′ 2h
′−
∑Nf
j=1 l(Rsj )
Nf∏
j=1
X
Rsj
G′ (x
′
1, x
′
2, x
′
3; δa,m
′
j)−WG′(x′1, x′2, x′3; δa) = 0, (15)
where z′ = z/Mh−h
′
. In the following two sections we will apply this reduction proce-
dure explicitly to the N = 2 gauge theory with gauge group E6 with Nf fundamental
hypermultiplets.
3 Breaking E6 gauge group to SO(10)
There are two ways of removing a node from the Dynkin diagram of E6 to obtain a simple
group G′ (see fig.1). When a node corresponding to α5 (or α6) is removed, we have
G′ = SO(10) (or SU(6)). The former corresponds to the case of G′ = SO(10) and the
latter to G′ = SU(6). First we consider the breaking of E6 gauge group down to SO(10)
by tuning VEV of Φ as 〈ai〉 = Mδi,5. Using the inverse of the Cartan matrix we get
〈ai〉 = (2
3
M, 4
3
M, 6
3
M, 5
3
M, 4
3
M,M).
The Seiberg-Witten geometry for N = 2 gauge theory with gauge group E6 with Nf
fundamental matters is proposed in [17]
z +
1
z
Λ24−6Nf
Nf∏
i=1
X27E6(x1, x2, x3;w,mi)−WE6(x1, x2, x3;w) = 0, (16)
6
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Figure 1: E6 Dynkin diagram
where
WE6(x1, x2, x3;w) = x
4
1+ x
3
2+ x
2
3+w2 x
2
1x2+w5 x1x2+w6 x
2
1+w8 x2+w9 x1+w12, (17)
and
X27E6(x1, x2, x3;w,mi)
= 8
(
mi
6 + 2w2mi
4 − 8mi3x1 +
(
w22 − 12x2
)
mi
2
+4w5mi − 4w2x2 − 8(x21 − ix3 + w6/2)
)
. (18)
Here wk = wk(a) is the degree k Casimir of E6 made out of aj and the degrees of x1, x2
and x3 are 3, 4 and 6 respectively. Now, substituting ai = Mδi,5 + δai into wk(a) and
setting δa5 = 0, we expand WE6 and X
27
E6
in M . As discussed in the previous section,
there should be coordinates (x′1, x
′
2, x
′
3) which can eliminate the terms depending upon
M l (5 ≤ l ≤ 12) in WE6. Indeed, we can find such coordinates as,
x1 = − 2
27
M3 − 1
4
Mx′1 −
1
6
Mw2,
x2 =
1
54
M4 +
1
12
M2x′1 +
1
9
M2w2 +
1
8
x′2 +
1
6
w22,
x3 = −i 1
16
M2x′3. (19)
Then the E6 singularity WE6 is written as
WE6(x1, x2, x3;w) =
(
1
4
M
)4
WD5(x
′
1, x
′
2, x
′
3; v) +O(M
3), (20)
where
WD5(x1, x2, x3; v) = x1
4 + x1x2
2 − x32 + v2x13 + v4x21 + v6x1 + v8 + v5x2, (21)
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and vk = vk(δa) is the degree k Casimir of SO(10) constructed from δai. If we represent
Φ as a 10×10 matrix of the fundamental representation of SO(10), we have v2l = 12lTrΦ2l
and v5 = 2iPfΦ. Thus we see in the M →∞ limit that the SW geometry for N = 2 pure
Yang-Mills theory with gauge group E6 becomes that with gauge group SO(10).
Next we consider the effect of symmetry breaking in the matter sector. The funda-
mental representation 27 of E6 is decomposed into the representations of SO(10)×U(1)
as
27 = 16− 1
3
⊕ 10 2
3
⊕ 1− 4
3
, (22)
where the subscript denotes the U(1) charge α5 ·λi (1 ≤ i ≤ 27). The indices of the spinor
representation 16 and the vector representation 10 are four and two, respectively. Let us
first take the scaling limit in such a way that the spinor matters of SO(10) survive. Then
the terms with M l (l ≥ 3) in X27E6 must be absent after a change of variables (19) and the
mass shift mi =
1
3
M +msi (see (10)). In fact we find that
X27E6(x1, x2, x3;w,mi) =M
2X16D5(x
′
1, x
′
2, x
′
3; v,msi) +O(M), (23)
where
X16D5(x1, x2, x3; v,m) = m
4+
(
x1 +
1
2
v2
)
m2−mx2 + 1
2
x3− 1
4
(
v4 − 1
4
v22
)
− 1
4
v2x1− 1
2
x21.
(24)
In order to make the vector matter of SO(10) survive, we shift masses asmi = −23M+mvi.
The result reads
X27E6(x1, x2, x3; v,mi) =M
4X10D5(x
′
1, x
′
2, x
′
3; v,mvi) +O(M
3), (25)
where
X10D5(x1, x2, x3; v,m) = m
2 − x1. (26)
Assembling (20), (23), (25) and taking the limit M →∞ with
Λ16−4Ns−2NvSO(10)NsNv = 2
16+3Ns+3NvM−(8−2Ns−4Nv)Λ24−6Nf (27)
kept fixed, we now obtain the SW geometry for N = 2 SO(10) gauge theory with Ns
spinor and Nv vector hypermultiplets
z +
1
z
Λ16−4Ns−2NvSO(10)NsNv
Ns∏
i=1
X16D5(x1, x2, x3; v,msi)
Nv∏
j=1
X10D5(x1, x2, x3; v,mvj)
−WD5(x1, x2, x3; v) = 0, (28)
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where Nf = Ns + Nv. In the massless case msi = mvj = 0, our result agrees with
that obtained from the analysis of the compactification of Type IIB string theory on the
elliptically fibered Calabi-Yau threefold [18]. This is non-trivial evidence in support of
(16). Moreover the SW geometry derived in [18] is only for the massless matters with
Ns − Nv = −2. Here our expression is valid for massive matters of arbitrary number of
flavors.
3.1 Breaking SO(10) to SO(8) and SO(6)
Next we examine the gauge symmetry breaking in the N = 2 SO(10) gauge theory with
spinor matters. When Φ acquires the VEV 〈ai〉 =Mδi,1, namely 〈ai〉 =
(
M,M,M, M
2
, M
2
)
,
the gauge group SO(10) breaks to SO(8). (we rename δai to ai henceforth.) Note that the
spinor representation of SO(10) reduces to the spinor 8s and its conjugate 8c of SO(8).
Upon taking the limitM →∞ with ai = 〈ai〉+ δai, we make a change of variables in (21)
x1 = x
′
1,
x2 = iMx
′
2,
x3 = Mx
′
3. (29)
In terms of these variables, the D5 singularity is shown to be
WD5(x1, x2, x3; v) =
(
−M2
)
WD4(x
′
1, x
′
2, x
′
3; u) +O(M), (30)
where
WD4(x1, x2, x3; u) = x1
3 + x1x2
2 + x3
2 + u2x1
2 + v4x1 + u6 + 2iv˜4x2, (31)
uk is the degree k Casimir of SO(8) constructed from δai and v˜4 = Pfaffian. The contri-
bution (24) coming from the matters becomes
X16D5(x1, x2, x3; v,msi) =M
2X8sD4(x
′
1, x
′
2, x
′
3; u,m
′
si) +O(M
3), (32)
where
X8sD4(x1, x2, x3; u,m) = m
2 +
1
2
x1 − i1
2
x2 +
1
4
u2. (33)
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In the above limit, we have taken msi =
1
2
M + m′si which corresponds to the spinor
representation of SO(8). If we instead take msi = −12M +m′si, which corresponds to the
conjugate spinor representation, then x2 is replaced with −x2 in X8sD4.
If we consider the vector matters of SO(10), we see that a change of variables (29)
without the shift of mass does not affect mvi−x1. Therefore, in taking the limit M →∞
with
Λ12−2Ns−2NvSO(8)NsNv =M
−(4−2Ns)Λ16−4Ns−2NvSO(10)NsNv (34)
being fixed, we conclude that the SW geometry for N = 2 SO(8) gauge theory with Ns
spinor and Nv vector flavors is
z +
1
z
Λ12−2Ns−2NvSO(8)NsNv
Ns∏
i=1
X8sD4(x1, x2, x3; u,m
′
si)
Nv∏
j=1
X8vD4(x1, x2, x3; u,mvj)
−WD4(x1, x2, x3; u) = 0, (35)
where X8vD4(x1, x2, x3; u,m) = m
2 − x1.
There is a Z2 action in the triality of SO(8) which exchanges the vector representation
and the spinor representation. Accordingly the SO(8) Casimirs are exchanged as
v2 ↔ v2,
v4 ↔ −1
2
v4 + 3Pf +
3
8
v22 ,
Pf ↔ 1
2
Pf +
1
4
v4 − 1
16
v22,
v6 ↔ v6 + 1
16
v32 −
1
4
v4v2 +
1
2
Pf v2. (36)
Thus the Z2 action is expected to exchange X
8s
D4
and X8vD4 in (35) after an appropriate
change of coordinates xi. Actually, using the new coordinates (x
′
1, x
′
2) introduced by
x1 = −1
2
x′1 + i
1
2
x′2 −
1
4
v2,
x2 = −i3
2
x′1 +
1
2
x′2 − i
1
4
v2, (37)
we see that the D4 singularity (31) remains intact except for (36) and X
8s
D4
↔ X8vD4.
One may further break the gauge group SO(8) to SO(6) following the breaking pattern
SO(10) to SO(8). Suitable coordinates are found to be x1 = x
′
1, x2 = iMx
′
2 and x3 =Mx
′
3.
10
The resulting SW geometry for N = 2 SO(6) gauge theory with Ns spinor flavors and Nv
vector flavors is
z +
1
z
Λ8−Ns−2NvSO(6)NsNv
Ns∏
i=1
(
1
2
x2 ±msi)
Nv∏
j=1
(mv
2
j − x1)
−WD3(x1, x2, x3; u) = 0, (38)
where WD3(x1, x2, x3; u) = x1
2 + x1x2
2 + x3
2 + u2x1 + u4 + 2iPfΦx2. The sign ambiguity
in (38) arises from the two possible choices of the shift of masses in SO(8) theory.
When Ns = 0, it is seen that the present SO(2Nc) results yield the well-known curves
for SO(2Nc) theory with vector matters [9, 10].
4 Breaking E6 gauge group to SU(6)
In this section we wish to break the E6 gauge group down to SU(6) by giving the VEV
〈ai〉 = Mδi,6 to Φ, that is, 〈ai〉 = (M, 2M, 3M, 2M,M, 2M). As in the previous section,
we first substitute ai = Mδi,6 + δai into wk(a) in (16) and set δa
6 = 0. Then we expand
WE6 and X
27
E6
in M , and look for the coordinates (x′1, x
′
2, x
′
3) which eliminate the terms
depending on M l (7 ≤ l ≤ 12) in (16). We can find such coordinates as
x1 = −5
8
M2 x′1 −
3
4
x′1 w2,
x2 =
1
16
M4 + (
1
4
x′2 +
1
4
x′1
2
+
1
12
w2)M
2,
x3 =
1
160
M6 + (−1
8
x′2 +
3
160
w2)M
4
+
1
8
(x′3 − x′22 − 3x′2 x′12 − x′2 w2 +
2
15
w2
2 − 3x′14)M2 +
1
2
w5 x
′
1 −
1
10
w6, (39)
in terms of which the E6 singularity WE6 is represented as
WE6(x1, x2, x3;w) =
(
1
2
M
)6
WA5(x
′
1, x
′
2, x
′
3; v) +O(M
5), (40)
where
WAr(x1, x2, x3; v) = x
r
1 + x2x3 + v2x1
r−1 + v3x
r−2
1 + · · ·+ vrx1 + vr+1, (41)
and vk = vk(δa) is the degree k Casimir of SU(6) build out of δai. Hence it is seen in the
M →∞ limit that the SW geometry for N = 2 pure Yang-Mills theory with gauge group
E6 becomes that with gauge group SU(6).
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The fundamental representation 27 of E6 is decomposed into the representations of
SU(6)× U(1) as
27 = 150 ⊕ 61 ⊕ 6¯−1, (42)
where the subscript denotes the U(1) charge α6 · λi (1 ≤ i ≤ 27). The indices of the
antisymmetric representation 15 and the fundamental representation 6 are four and one,
respectively. Thus the terms with M l (l ≥ 3) in X27E6 must be absent after taking the
coordinates (x′1, x
′
2, x
′
3) defined in (39). Note that there is no need to shift the mass to
make the antisymmetric matter survive. We indeed obtain a desired expression
X27E6(x1, x2, x3;w,mi) = −M2X15A5(x′1, x′2, x′3; v,mi) +O(M), (43)
where
X15A5(x1, x2, x3; v,m) = m
4 − 2m3x1 + 3
(
1
3
v2 + x
2
1 + x2
)
m2
+mv3 − x3 + x41 + 2v2x21 + 3x2x21 + v3x1 + x22 + v2x2 + v4. (44)
If we shift the mass as mi =M +mf i in order to make the vector matter survive, we find
that
X27E6(x1, x2, x3; v,mi) = 2M
5X6A5(x
′
1, x
′
2, x
′
3; v,mf i) +O(M
4), (45)
where X6A5(x1, x2, x3; v,m) = m+x1. The shift of massesmi = −M+mf i also corresponds
to making the vector matter survive, but the factor (−1) is needed in the RHS of (45).
From these observations we can obtain the SW geometry for N = 2 SU(6) gauge
theory with Na antisymmetric and N
′
f fundamental matters by taking the limit M →∞
while
Λ
12−4Na−N ′f
SU(6)NaN ′f
= (−1)Na212+2N ′fM−(12−2Na−5N ′f )Λ24−6Nf (46)
held fixed. Our result reads
z +
1
z
Λ
12−4Na−N ′f
SU(6)NaN ′f
Na∏
i=1
X15A5(x1, x2, x3; v,mai)
N ′
f∏
j=1
X6A5(x1, x2, x3; v,mf j)
−WA5(x1, x2, x3; v) = 0, (47)
where Nf = Na +N
′
f .
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4.1 Breaking SU(6) to SU(5), SU(4) and SU(3)
We are now able to break SU(r+1) gauge group to SU(r) successively by putting 〈ai〉 =
Mδi,r. In sect.2 we have seen that the proper coordinates are chosen to be x1 = x
′
1+M/(r+
1), x2 = x
′
2 and x3 =Mx
′
3 in terms of which WAr(x1, x2, x3; v) =MWAr−1(x
′
1, x
′
2, x
′
3; v
′) +
O(M0). Note that the degrees of x1, x2 and x3 are 1, 2 and r − 1, respectively. The
antisymmetric representation of SU(r + 1) is decomposed into the antisymmetric and
fundamental representations of SU(r)× U(1) as follows
r(r+ 1)
2
=
(r− 1)r
2 2
r+1
⊕ r− r−1
r+1
, (48)
where the subscript denotes the U(1) charge. After some computations we can see that
the SW geometry for N = 2 SU(r + 1) (r ≤ 5) gauge theory with Na antisymmetric and
N ′f fundamental hypermultiplets turns out to be
z +
1
z
Λ
2(r+1)−(r−1)Na−N ′f
SU(r+1)NaN ′f
Na∏
i=1
X
r(r+1)
2
Ar
(x1, x2, x3; v,mai)
N ′
f∏
j=1
(x1 −mf j)
−WAr(x1, x2, x3; v) = 0, (49)
where X
r(r+1)
2
Ar
is defined as
X
r(r+1)
2
Ar
(
xj ; v,mai =
2M
r + 1
+m′ai
)
=MX
(r−1)r
2
Ar−1
(x′j ; v
′, m′ai) +O(M
0), (50)
and Λ
2(r+1)−(r−1)Na−N ′f
SU(r+1)NaN ′f
=M2−NaΛ
2r−(r−2)Na−N ′f
SU(r)NaN ′f
. Explicit calculations yield
X10A4(xj ; v,mai) = m
3 −m2x1 + (2x2 + 2x21 + v2)m+ 2x21 − x3 + x2x1 + v2x1 + v3,
X6A3(xj ; v,mai) = m
2 + x2 − x3 + 2x21 + v2,
X3A2(xj ; v,mai) = m+ x1 − x3. (51)
We also see that
X15A5
(
xj ; v,mai = −
2
3
M +m′f i
)
=M3(x′1 −m′f i) +O(M2),
X10A4
(
xj ; v,mai = −
3
5
M +m′f i
)
= −M2(x′1 −m′f i) +O(M1),
X6A3
(
xj ; v,mai = −
1
2
M +m′f i
)
=M(x′1 −m′f i − x′3) +O(M0) (52)
13
by shifting masses in such a way that the fundamental matters remain.
We now check our SU(Nc) results. First of all, for SU(3) gauge group, the antisym-
metric representation is identical to the fundamental representation. Thus (49) should be
equivalent to the well-known SU(3) curve. In fact, if we integrate out variables x2 and
x3, the SW geometry (49) yields the SU(3) curve with Na +N
′
f fundamental flavors.
Let us next turn to the case of SU(4) gauge group. Since the Lie algebra of SU(4) is
the same as that of SO(6), the antisymmetric and fundamental representations of SU(4)
correspond to the vector and spinor representations of SO(6) respectively. This relation
is realized in (49) and (38) as follows. If we set x1 =
1
2
x′2, x2 = ix
′
3 − 12x′1 − 14x′22 − 12v2
and x3 = ix
′
3 +
1
2
x′1 +
1
4
x′2
2 + 1
2
v2, we find
WA3(xi; v) = −
1
4
WD3(x
′
i; u), (53)
where u is related to v through u2 = 2v2, u4 = −4v4 + v22 and Pf = iv3. Moreover we
obtain X6A3(xj ; v,mai) = ma
2
i −x′1 and x1−mf j = 12x′2−mf j. Thus our SU(4) result is in
accordance with what we have anticipated. This observation provides a consistency check
of our procedure since both SO(6) and SU(4) results are deduced from the E6 theory via
two independent routes associated with different symmetry breaking patterns.
Checking the SU(5) gauge theory result is most intricate. Complex curves describ-
ing N = 2 SU(Nc) gauge theory with matters in one antisymmetric representation and
fundamental representations are obtained in [15, 16] using brane configurations. Let us
concentrate on SU(5) theory with one massless antisymmetric matter and no fundamental
matters in order to compare with our result (38). The relevant curve is given by [15]
y3 + xy2(x5 + v2x
3 − v3x2 + v4x− v5)
+yΛ7(3x5 + 3v2x
3 − v3x2 + 3v4x− v5) + 2Λ14(x4 + v2x2 + v4) = 0. (54)
The discriminant of (54) has the form
∆Brane = F0(v)Λ
105(27Λ7v24 + v
3
5)(H50(v, L))
2(H35(v, L))
6, (55)
where F0 is some polynomial in v, Hn is a degree n polynomial in v and L = −Λ7/4. If
we set v2 = v3 = 0 for simplicity, then
H50(v, L) = 65536 v4
10 v5
2 + 1048576 v4
9 L2 − 33587200 v47 v53 L+ 1600000 v45 v56
14
−539492352 v46 v5 L3 + 3261440000 v44 v54 L2 + 390000000 v42 v57 L
+9765625 v5
10 + 143947517952 v4
3 v5
2 L4 + 5378240000 v4 v5
5 L3
+1457236279296 v4
2 L6 + 53971714048 v5
3 L5,
H35(v, L) = 32v
7
5 + 432Lv
2
4v
2
5 + 17496L
3v4v
2
5 + 177147L
5. (56)
We have also calculated the discriminant ∆ALE of our expression (49) with r = 4 and
found it in the factorized form. Evaluating ∆Brane and ∆ALE at sufficiently many points in
the moduli space, we observe that ∆ALE also contains a factor H50(v, L) with Λ
7
SU(4)1,0 =
L. This fact may be regarded as a non-trivial check for the compatibility of the M-
theory/brane dynamics result and our ALE space description. It is thus inferred that
only the zeroes of a common factor H50(v, L) in the discriminants represent the physical
singularities in the moduli space.∗
5 N=1 Confining phase superpotentials
In this section we will rederive the SW geometry obtained in the previous sections using
the method of N = 1 confining phase superpotentials. We will explain the essence of this
method in the following. More detailed explanation is presented in [19, 20, 17]. First we
add a tree-level superpotential
Wtree =
r∑
i=1
gisi(Φ), (57)
to perturb N = 2 theory with gauge group G to N = 1 theory, where si(Φ) are Casimirs
of G built out of Φ and gi are coupling parameters. It is then observed that only the
singularities of the moduli space where dyons become massless remain as the N = 1 vacua.
Thus studying this perturbed N = 1 theory with a confined photon, which corresponds
to unbroken SU(2) × U(1)r−1 vacua classically, we can find the physical singular loci of
N = 2 moduli space and construct the corresponding SW geometry. Recall that a basis of
Casimirs si should be chosen judiciously to obtain the correct results. The SW geometry
(16) is derived in this manner [17].
∗A similar phenomenon is observed in SU(4) gauge theory. We have checked that the discriminant of
the curve for SU(4) theory with one massive antisymmetric hypermultiplet proposed in [15] and that of
our ALE formula (49) with r = 3 carry a common factor.
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Following [17] let us now describe the computation in the N = 1 confining phase ap-
proach. In all the cases considered below, we use wi to denote the deformation parameters
of the standard ADE singularities. (In the previous sections, we have used ui for SO(2r)
and vi for SU(r + 1) instead of wi.) P (yi, si) is defined as a polynomial which becomes
zero if we evaluate si and yi in the classical SU(2)×U(1)r−1 vacua and X(yi, si, m) stands
for the “matter factor” which relates the scale of the high-energy theory to that of the
low-energy SU(2) Yang-Mills theory taking into account the factor arising from the Higgs
effect [20]. The SW geometry is obtained as [17]
z +
1
z
Λ2h−l(R)NfXNf + P = 0, (58)
where l(R) is the index of the representation R of the matter and Nf denotes the number
of matters in R.
5.1 SU(r+1) gauge theory
In this subsection it is convenient to put yn = gr−n/gr. In SU(4) theory, we should take
s2 = w2, s3 = w3, s4 = w4 − 1
4
w2
2. (59)
Then we obtain P = −y22 + 2 y2 y12 + s2 y2 + s3 y1 + s4. For hypermultiplets in the
antisymmetric representation, we get X = m2 + 2y2, thereby the ALE expression of the
SW geometry is reproduced. On the other hand, an N = 1 confining phase superpotential
is considered in [21] so as to produce the curve based on an M-fivebrane configuration
[15].
In SU(5) theory, we should take
s2 = w2, s3 = w3, s4 = w4 − 1
4
w2
2, s5 = w5 − 1
2
w2w3. (60)
Then we obtain P = 2 y1
2y3 − 2 y2y3 + y22y1 + s2 y3 + s3 y2 + s4y1 + s5. Considering the
antisymmetric flavors, we get X = m3 − y1m2 + 2my2 + 2y3.
In SU(6) theory, we should take
s2 = w2, s3 = w3, s4 = w4 − 1
4
w2
2,
s5 = w5 − 1
2
w2w3, s6 = w6 − 1
2
w2w4 +
1
8
w2
3. (61)
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In this case y3 = y2y1 and we find P = 2y1
2y4 − 2y2y4 − y22y12 + s2 y4 + s3 y2y1 + s4y2 +
s5y1 + s6. For the antisymmetric flavors, we obtain X = m
4 − 2 y1m3 +m2 (y12 + 2y2) +
+ms3 + y2
2 + 2 y4.
In all the cases above, we see that the SW geometry obtained from the confining
phase superpotential method is in agreement with (49) after an appropriate change of
coordinates.
5.2 SO(2r) gauge theory
In SO(8) theory, we should take
s2 = w2, s4 = w4 − 1
3
w2
2, s6 = w6 − 1
3
w4w2 +
2
27
w2
3,
s′4 = Pfaffian. (62)
Let y1 = g
′
4/g6, y2 = g4/g6 and y3 = g2/g6. In this case y3 =
1
12
y1
3 and we find P =
y2
3− 1
4
y1
2y2+
1
12
s2y1
2+ s′4y1+ s4y2+ s6. If we consider the antisymmetric flavors, we get
X = m2 +
1
4
y1 +
1
2
y2 +
1
12
s2, (63)
and for the fundamental representation
Xf = m
2 − y2 + 1
3
s2. (64)
Using the relation y1 = −2ix2 and y2 = x1+ 13v2 one can see that this result is equivalent
to (35).
In SO(10) theory, we should take
s2 = w2, s4 = w4 − 1
4
w2
2, s5 = Pfaffian, s6 = w6 − 1
2
w4w2 +
1
8
w2
3,
s8 = w8 − 1
4
w4
2 +
1
8
w4w2
2 − 1
64
w2
4. (65)
Let y2 = g5/g8, y1 = g6/g8, y3 = g4/g8 and y4 = g2/g8. There is a relation y4 = y1y3 and
we find P = −y32 + 2y3y12 + 14y22y1 + s2y3y1 + s4y3 + s5y2 + s6y1 + s8. If we consider the
antisymmetric flavors, we get X = m4+m2(1
2
s2+ y1)−m12y2− 12y3. For the fundamental
representation, Xf = m
2−y1. Similarly to the case of SO(8), we can verify the equivalence
of this result to (28).
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6 Conclusions
Starting with the SW geometry for N = 2 supersymmetric gauge theory with gauge
group E6 with massive fundamental hypermultiplets, we have obtained the SW geometry
for SO(2Nc) (Nc ≤ 5) theory with massive spinor and vector hypermultiplets by imple-
menting the gauge symmetry breaking in the E6 theory. The other symmetry breaking
pattern has been used to derive the SW geometry for N = 2 SU(Nc) (Nc ≤ 6) theory
with massive antisymmetric and fundamental hypermultiplets. All the SW geometries we
have obtained are of the form of ALE fibrations over a sphere. Whenever possible our
results have been compared with those obtained in the approaches based on the geometric
engineering and the brane dynamics. It is impressive to find an agreement in spite of the
fact that the methods are fairly different. Furthermore the SW geometries derived from
the E6 theory have also been obtained from the point of view of N = 1 confining phase
superpotentials.
Let us mention here that the SW geometry for N = 2 E7 gauge theory with massive
fundamental matters will be obtained without any essential difficulty by finding an appro-
priate N = 1 confining phase superpotential. The symmetry breaking of E7 will then give
rise to SO(12) theory with spinor matters as well as SU(7) theory with antisymmetric
matters. For the gauge group E8, however, the situation seems rather subtle in employing
the confining phase superpotential technique since there is no distinction between the
fundamental and adjoint representations.
Finally, in order to analyze the mass of the BPS states and other interesting properties
of the theory, one has to know the Seiberg-Witten three-form and appropriate cycles in
the ALE fibration space. For N = 2 SO(10) theory with massless spinor and vector
hypermultiplets, these objects may be obtained in principle from the Calabi-Yau threefold
on which the string theory is compactified [18]. It is important to find the SW three-form
and appropriate cycles for the SW geometry when the massive hypermultiplets exist. This
issue is left for our future consideration.
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